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TaBLE I. Relations between channel amplitudes.
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TasLe II. Spin selection rules.

Number of

independent

Process Relations amplitudes
PB— PB,VB— VB Aps=A4 7
BB« PP,BB—VV  Bp=B 7
BB — BB Ags=A4=0 6
EB g EB Cﬁ: Cm, Cas= Cau 6
PP'—)P.P, VV —->TVV AIﬁ’—‘Am, Aas=Asa=0 5

PV —PV,PP-VV (R conjunction invariance)

and crossing symmetry lead to R invariance. This result
holds because the octets P and V contain their charge
conjugates. The results are summarized in Table I.

One can use the above results for the channels with
nucleon number zero (except for B-+B— P+V) in
order to obtain some spin selection rules in a simple way.
Let s be the magnitude of the total intrinsic spin of the
system. Then for any state | ab) one has®

CP|ab)=(—1)*RE|ab)
for V'V and PP(s=0) systems, (6)
CP|ab)= (—1)*"'RE|ab) for the BB system,

where E|ab)=]|a’d’), in which &’(b’) is the particle
corresponding to &(a) in the octet to which a(b) belongs.
For example, E|p.2st)=|Zs"Es~), where the indices a
and B indicate the spin state of each particle. (In

8 This follows from the fact that: C|eb)=R|ab) and P|abd)
=(—1)%E|ab) for VV and PP(s=0) systems, C|ab)=(—1)sL

XRE|ab) and P|ab) =—(—1)L|ab) for the BB system, where L
is the magnitude of the orbital angular momentum.
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Process BB —BB VV -VV VV PP BB< PP BBoVV
Selection
rules Si=Sf si+s7 =even 5s=0,2 s=1 si+ss=o0dd

a The indices 7 and f denote the initial and the final states, respectively,
and s means the magnitude of the total intrinsic spin.

particular, for the PP system, the E operation is
equivalent to the particle exchange.)
Now CP invariance and Eq. (6) lead to

(ab|cd)= = (RE(ab)| RE(cd)). (7

The sign to be used depends on the initial and final
values of s. In terms of channel amplitudes, the negative
sign in Eq. (7) means that 4 =0 except for 41 and
Arg for which 410=—A4 1. However, as has been shown
before, time-reversal invariance in the crossed channel
of the processes considered here and the crossing
symmetry lead to 410=A4 15 so that the case of negative
sign in Eq. (7) also implies that 40=A41=0. Hence
all the amplitudes are zero. Therefore, the sign in Eq.
(7) should always be positive,® and one obtains the
spin selection rules listed in Table II. Here one can see,
for example, that a nucleon-antinucleon pair can decay
into two pseudoscalar mesons only from spin-triplet
states.

One of the authors [K.I.] would like to express his
gratitude to the theoretical physicists at Argonne
National Laboratory for the warm hospitality they
have extended to him.

6 This implies the invariance under the RE operation and leads
to A15=A10, which is consistent with the result obtained before.
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Various forms of the production amplitude are proposed which are convenient for the three-particle uni-
tarity integral. Both exact and approximate forms are discussed. It is found that in both cases one can sepa-
rate the final-state configuration from the over-all kinematics by using discrete variables. Form factors with
the three-particle intermediate state are also discussed.

I. INTRODUCTION

NE of the outstanding difficulties in dispersion
theory is the problem of unitarity integral in-
volving more than two particles in the intermediate
state.! Although many attempts have been made to

* Work supported in part by the U. S. Air Force and the
National Science Foundation.

1 See, for instance, G. F. Chew, S-Matrix Theory of Strong
Interactions (W. A. Benjamin, Inc., New York, 1961).

amend this difficulty, the crude two-particle approxi-
mation seems to be the only method giving useful re-
sults.? In the case of three-particle intermediate state,
various authors considered simple Feynman diagrams
to study analytic properties of the absorptive part.® It

2 L. F. Cook and B. W. Lee, Phys. Rev. 127, 283 (1962).

3V. N. Gribov and I. T. Dyatlov, Zh. Eksperim. i Teor. Fiz. 42,
196 (1962); 42, 1268 (1962) [English transls.: Soviet Phys.—

JETP 15, 140 (1962); 15, 879 (1962) J; Y. S. Kim, Phys. Rev. 132,
927 (1963).
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should be noted, however, that the Feynman amplitudes
considered there do not in any way produce the ob-
served three-body resonances. It should also be noted
that the mathematical difficulties in such an analysis
completely obscure possible physical insights. We feel
thus that the perturbation theoretic approach does not
give any useful result.

In this note we present various schemes for evaluating
the three-particle absorptive part from experimentally
measured quantities. We first re-examine the kine-
matical problems and propose a partial-wave expansion
which is convenient for performing the unitarity integral
and also for making contact with the experimental data.
Then various approximate forms are discussed. The
comparison with the two-particle approximation is
made.

In Sec. II, we write the absorptive part of the two-
body scattering amplitude due to the three-particle
intermediate state. In Sec. III, a partial-wave expansion
is proposed for the production amplitude. We write the
unitarity integral as a sum and an integral over the
directional Dalitz plots. In Sec. IV, an approximation
scheme is proposed in which only resonance terms are
retained for the production amplitude. The unitarity
integral is written as a trace of the product of two
matrices, one corresponding to the final-state structure,
the other to the orientation of the initial state. In Secs.
V and VI, another approximation scheme is discussed,
which is convenient for the calculation of form factors.
The structure constants are written in terms of the
resonance parameters.

II. THREE-PARTICLE CONTRIBUTION IN
TWO-BODY SCATTERING

In a dispersion theoretic discussion of the two-body
scattering of spinless bosons,

prtpa— pil+pe,

where p; and py are the four-momenta of the incoming
and outgoing particles, we are led to consider the
absorptive part of the scattering amplitude. The uni-
tarity condition enables us to write the absorptive part
as a sum over all possible intermediate states. Then we
make an approximation of retaining only a few lowest
mass terms in the summation. The mathematical struc-
tures of the one- and two-particle terms are well known.
Due to the difficulties mentioned in the preceding sec-
tion, the structure of the three-particle term has not
been thoroughly examined. In the following discussions
we shall study the three-particle unitarity integral for
various cases. In order to guarantee proper reality con-
ditions at every stage of approximation we adopt the
4{|in)+ |out)} convention for the summation over the
intermediate states.

Now the contribution to the absorptive part from the
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three-particle state is

TmA® (p1+p2— pi/+p2)

17 1\5
= ——(——) RE/d3k1d3k2d3k3 A (P1+P2—> k1+k2+k3)
2\27

XA*(pr'+ po' — kaitkotks)8 (ki*+u?)d(k*+u?)
X 8(ks2+u?)0(k10)0 (f20)0 (ks0)
X8(prtpe—hi—ke—ks), (1)
where A (p1+p2— kitketks) is the invariant ampli-
tude for the production process
prtpo2— kit-katks.
We are assuming that all particles have the same mass p.
kituwi=p2+u*=0.
It is often more convenient to discuss the partial-
wave projection of the above absorptive part.
TmA4 @ (W)

1
E/ d(cosd) ImA® (pr+pa— pi'+py), (2)
—1
where W and 0 are, respectively, the total energy and the
scattering angle in the center-of-mass system.

In the following sections we shall discuss Im4 ;@ (W)
using various forms of the production amplitude.

III. EXPANSION IN SPHERICAL HARMONICS
For the production amplitude
A(prtpa— kitkatks), 3)
we use the variables
Sy=— (katks)?, So=— (k1tks)?, Ss=— (kitke)? (4)
and the redundant variable

W= — (p1+p2)?=— (p1'+ p2)2 = — (krt-katks)?
=S1+Se+S53—3u?

to describe the three-particle final state. The above
amplitude depends, in addition, on two other variables
which describe the orientation of the final-state con-
figuration with respect to the direction of the incoming
beam. In the center-of-mass system, we can write the
amplitude as

A(prtpa— krt-kot-ks)

© l
= p Z lylm(a,ﬁ)A lm(W2;SI7S2)S3) ) (5)

=0 m=—
where Y 1,,(a,8) are the spherical harmonics. « and 8 are
the standard polar angles of the vector k; with respect
to the incoming beam. One can, of course, replace the
former by any other convenient direction in the
final-state configuration. The partial-wave amplitude
A(W2,81,52,S3) is now a function only of the final-
state variables.
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Without loss of generality we can assume that the
two-body outgoing beam is in the XZ plane and makes
the scattering angle § with the incoming direction. Then

A(py+po’ — kit-kot-ks)

> Z LRO)Y im(e,8) 14 (W?,51,52,55),  (6)

1=0 m=—1

where R(6) is the operator that rotates ¥ ;. (a,8) around
the ¥ axis. In terms of the Wigner rotation matrix
d(6),* one can write

ROY im(a,8)=2 dum'(0)Y 1 (c,8). @)

We now substitute Egs. (5) and (6) into Eq. (1) and
perform the angular integrations to obtain

1 1\5 (W2—3u2) [2W
ImA,<3)(W)=——(——> Re Y Fuut / ko
16 27!' I

m,

koo ()
X/ dRyA(W?2,51,59,53)
k

20()
XI:A lm(I/V2351)527S3)]* ’ (8)
where

1
F“m’=/ d(cosd) P1(cos8)d,nt(6) ,
-1
W2—3u2~—2Wk10:|1/2

1
koo =3 (W —k10)=— I:(km— L
W2+I~L2—2ka

In terms of the integration vanables, Sy, Sy, and S; take
the form
S1=W?4-p2—2Wkio,

Sy= Wb 12— 2k,
Ss=2(k1otkoo) WHu2—W2.

According to the above expression, we first integrate
over each directional Dalitz plot 4%#(4')* and then
sum over the directional number . In order to calculate
ImA ® (W) one has to determine all (2/41)2 directional
Dalitz plots. However, the experiment so far has not
been oriented toward such a measurement. In the
following section we shall discuss an approximate form
of the production amplitude more convenient for the
experimental determination of Im4 @ (W).

IV. RESONANCE EXPANSION

The characteristic feature of production processes is
the existence of competing final-state interactions.’ We
now make an approximation of retaining only terms
giving rise to the observed resonances. Assuming for
simplicity that there is one resonance for each pair of
particles, we can write the production amplitude of Eq.

4 See, for instance, M. E. Rose, Elementary Theory of Angular
M omentum (John Wiley & Sons, Inc., New York, 1957).
5Y. S. Kim, Phys. Rev. 125, 1771 (1962) R. E. Peierls and J.
Tarski, 4bid. 129, 981 (1963).
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(5) in the complex-propagator form

A(p1tpa— kitkot-ks)
hl(a,ByW2> h2 (a)67W2) h3(a)B’W2)
&[ + + ] . @
Sl~'m12 Sg—‘}%22 53—1%32

The complex constant #; is chosen in such a way that
the above expression would predict the observed reso-
nance in the Sy channel. m, and ms are chosen in a
similar way. /;(a,8,W?) describes the dependence of the
S; component on the orientation with respect to the
incoming beam. In addition, %;(a,8,W?) is to predict the
resonance in the over-all three-body system. Similarly,
we write

AP+ pe— kat-kot-ks)
[R(ﬁ)hl(a,B,Wz)J R(0)h2(e,8,W)
o Sl-—'mﬁ l Sz—m22
R(0)123(e,8,W?)
— ] . (10)

Ss—

The operator R(0) is defined in Eq. (7). %:(e,8,W?) is, in
general, a linear combination of the spherical harmonics.
Substituting Eqgs. (9) and (10) into Eq. (1), we obtain

1/71\°
TmA ,‘3)(W)=B<2—> Re{TI H (W)GW)Ty, (11)
where
H ;i\ (W)= d(cos())P (cosf) f d(cose)
X / B (@R O(@B)T*, (12)
(W23 20
Gij(W):/ dkig
* k20(H) dkqy
X / . (13)
koo (Si—m2)*(Si—m)

The matrix G(W) depends only on the parameters of the
final-state resonances. The matrix H (W), on the other
hand, describes the angular dependence of each reso-
nance and the over-all three-particle interaction. Here
again we have a convenient form in which the final-
state terms are explicitly factored out.

Let us add a few remarks. By tracing back the calcula-
tion which led us to Eq. (11), one can easily see that the
two-particle approximation corresponds to ignoring all
off-diagonal elements of G(W), H (W) or both. We note,
however, that the matrix G(W) is Hermitian. Thus, we
can always diagonalize it and reduce the original
problem to an effective two-body unitarity integral.

So far we have confined ourselves only to the S-wave
final-state interactions. If some resonances mentioned
above are of the P- or higher-wave type, then the only
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modification is that a polynomial in the integration
variables is introduced in the numerator of the integrand
in Eq. (13). In any case, the kg integral can be per-
formed by partial fraction.

In the preceding discussions, we have presented two
possible forms of the production amplitude which are
convenient for the experimental determination of the
three-particle absorptive part. In the following section,
we shall consider another approximate form in connec-
tion with form factor calculations.

V. FORM FACTORS

We take as an example the pionic form factor of
nucleon. Its relativistic invariant form is

I(t)= 2pa2pd )X’ | T (0)| p), (14)

where p and p’ are, respectively, the four-momenta of
the incoming and outgoing nucleons. J(0) is the pion
current operator. Here again we ignore spins and
isospins. The form factor is then a function only of the
invariant variable t=— (p—p’)%

The above pionic vertex function contains all es-
sential features common to both electromagnetic and
weak interaction form factors. It has been noted by
many authors that the study of the quantity®

F(W)= 2pa2po) 01T (0)[p,p, in),  (15)

with W2=—(p+p)?, is completely equivalent to the
original problem. The state |p,p,in) represents the
nucleon-antinucleon “in” state with p and p as the four-
momenta of the nucleon and antinucleon.

The function F (IW?) satisfies the dispersion relation

1 o W24 (W)
rary- [0,
out W2—T2—ie

™

(16)

where

0 1/2
A<W2>=(1—’2—) (2m) (01 7(0) | )
X(n| f(0)| p)s(H+p—pn).

F(0) is the antinucleon current operator. u is the pionic
mass. We have omitted a possible subtraction term
which at worst can cause a polynomial increase in W2
Here again'the {|in)+4 | out)} convention is adopted for
the summation over intermediate states.

We now make the approximation of retaining only the
three-pion and nucleon-antinucleon intermediate states.
The dispersion relation is then the integral equation

1 e dWRT(W') 1 =
F(Wz)z—-/ -——-—+~/ aw’?
S W2—W2—ie 7w J4me
Re{F(W"?)["*'D sing (W'2) ]*}
X
W2 —W?2—ie

6 P, Federbush, M. L. Goldberger, and S. B. Treiman, Phys.
Rev. 112, 642 (1958).

, (A7)
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where 8(IW?) is the S-wave phase shift for the nucleon-
antinucleon scattering. We use m for the nucleon mass.
T (W) is the three-particle contribution to the unitarity
sum.

1 5 PO 1/2
()
2r/ \2
XRe/d3k1d3k2d3k3<0]](0) I k1,k2,k3, 0ut>

X{k1,ka ks, out| f(0)| Y5 (p+p—ki—ko—ks).

ki, ks, and k; are the four-momenta of the three inter-
mediate pions. For the three-particle amplitude in the
integrand, one can choose approximate forms in the way
discussed before. However, let us consider here another
possibility.

A crude form for the three-particle amplitude will be a
product of all complex propagators corresponding to the
observed resonances. This form of course has many
serious drawbacks. For instance, the amplitude so con-
structed cannot describe the orientation of the initial
beam with respect to the final-state configuration. We
nevertheless use this form primarily because the present
experimental uncertainty does not allow anything
better.

As in the previous section we assume that there is one
resonance for each pair of pions. Then

<k1ak27k37 Outl f(O) I P)

Iy
= (2k102k202k302PO)‘1/2

(S1—m12) (Sz—m?) (Ss—mg?)

<0I](0) { kl)k2)k3; 0ut>

T, *
= (2k102k202k30)_1/2[ :l .
(S1—m1%) (So—ms?) (Ss—ms?)
The complex constants m,, g, and ms are resonance
parameters. The constants I'; and T'; are assumed to be
real.
Then after the angular integrations,

w0 Ty/ 1\ V=3 2w
T(W?)= ( ) / k1o
2 I

2

Too(+H) 1
X/ dkso
kzo(_) im32+W2—u2—2Wk10-2Wk20
| 1
(M12—';L2—'W2+2Wk10) (mZz—ﬂZ—Wz'*-Zszo)
W2—3u2—2Wk10:|1/2
W2 —2Whio J

? (18)

2

2

1
kzo(i)=%(W—km):|:5[ (=)

One can now perform the %y integral by partial frac-
tion. The ki integral is to be done by a numerical
method, but is within the capacity of high-speed
computers.
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VI. INTEGRAL EQUATION FOR FORM FACTORS

Let us regard the three-particle term in Eq. (17) as a
known function. Then

Re[F(#/)e ") sing* («/)]

1 0
O : , (19)
T J 4m? xl_x—ZE
where x=W?, and
1 o da'T(x))
g(x)————/ —.
T J9u? X —X—1€

The only difference from the conventional Omnes
integral equation is that the inhomogeneous term has a
cut extending from 9u? to co. This overlaps with the
homogeneous cut of the second term. The above equa-
tion can nevertheless be solved by an elementary
method if the phase shift 8(«’) is real throughout the
region of integration. Let us assume that 6(x') is real
and solve the integral equation.

We first introduce the auxiliary function

1 1 2 da's(x))
2o — [ =]
2w 7 Jam2 &' —x—1e

» Re[e= ¥ sind (&) F (2”) ]
X / dx’ . (20)
4m?

¥ —x—1e

The function ®(x) has a cut extending from 4m? to o«
with the discontinuity

®(x+ie)—P(x—1e)
= tand (x)[ cosd (x) Reg(x)+sind(x) Img(x)]

1 = do's(x)
Xexpl:—~P/ —/-————————} . (21)
T Jam? & —x—1de

Then the solution follows immediately.
1 1 2 da's(x)

P =g+ [ S|
iy T Jam? X —X—1€

,tanﬁ(x’ ) cosd(x') Reg(x")+sind (x") Tmg (x") ]
%

x[ a
4m?

X —x—1e

Xexpli—iP/;w dx’ia(x”):| . (22)

7’ /
s m: X —X
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It was noted by many authors that the effect of the
nucleon-pair state is extremely small for physically
interesting values of x.7 We thus ignore the second term
and retain only the inhomogeneous part g(x). Then in
the expansion

F(x)=F(0){14aw+an>+---}

for small x,

el o)/ ([ )

n=1,2,---. (23)

We have obtained a closed form for the structure
constants a@,. The advantage of using the pure product
representation is that the coefficients ¢, do not depend
on the constant (I';XT'). They are functions only of the
resonance parameters.

VII. CONCLUDING REMARKS

We have considered various forms of the production
amplitude which are convenient for the three-particle
unitarity integral. First, a partial-wave expansion has
been considered. It is found "that the /th partial-wave
term is the sum of (2/4-1) integrals over the directional
Dalitz plot. Next, a resonance approximation has been
discussed. Here, also, a factorization is achieved which
separates out the final-state configuration from the
over-all kinematics. Finally, a product representation of
the complex propagator has been considered for form
factor calculations. We have obtained an expression for
the structure constant in terms of the resonance
parameters.

The present work shows that one can simplify the
three-body and possibly many-body kinematics by
introducing discrete variables such as /, # in Sec. I1I and
i, § in Sec. IV. The discrete variables in this paper are
chosen in such a way that the dynamics of the final-
state interaction is factored out.

Another remarkable point is that we can reduce the
approximation scheme of Sec. IV to the two-body
problem without ignoring the interference terms. It
would be extremely interesting to see whether such a
reduction can be achieved for the problems with more
than three particles.

7SM. L. Goldberger and S. B. Treiman, Phys. Rev. 111, 354
(1958).



